
  Transforming 2 X 2 Games   
  Game   Column payoffs  Graph  Payoff swaps change one ordinal game into another   Families  Harmonious

1 
4

3 
3 Row payoffs Adjacent games are neighbors by payoff swaps 1. Win-win 4,4  Stag Hunt

Pd 2 
2

4 
1  Nash Equilibrium 1↔2 swaps form tiles of 4 games  Tile 2. Biased 4,3  Battle  

Prisoner's         Maximin 2↔3 swaps join tiles into 4 layers  Self-serving  Samaritan

Dilemma Pareto-deficient Incentives & 3↔4 swaps link four layers 3. Second Best    3,3 CC9966

Pareto-optimal outcomes in bold externalities Layers differ by alignment of 4s 4. Unfair 4,2 Winner Loser

Additional nonmyopic equilibrium   # moving power Each layer is a torus, table is a torus 5. Dilemma  Alibi  3,2 
Threat # compellent  # deterrent    order power Layers scrolled to center Prisoner's Dilemma  Prisoner's D.  2,2  Tragic 3,2
Mixed Strategy: (down, left) 3/4,1/2 Symmetric   Pure Cooperation     Jekyll-Hyde Type Jekyll-Hyde Type 6. Cyclic  (2.5,2.5)

L    Payoffs 2.5, 2.5 iff ratio or real values   Chart A map of relationships between the 2x2 games D
2 

3
3 

4  2 
2

3 
4   2 

1
3 

4  2 
1

3 
4  2 

2
3 

4
2 

3
3 

4
2 

4
3 

3  2 
4

3 
2   2 

4
3 

1 
2 

4
3 

1
2 

4
3 

2
2 

4
3 

3 2  3

ChNc
1 

1
4 

2 ChHa
1 

1
4 

3 ChReChRe
1 

2
4 

3 ChCo
1 

3
4 

2 ChAr
1 

3
4 

1 ChSh
1 

2
4 

1 ChPd
1 

2
4 

1 ChLk
1 

3
4 

1 ChDeChDe
1 

3
4 

2 ChHr
1 

2
4 

3 ChLd
1 

1
4 

3 Ch 1 
1

4 
2 1  4

 Hegemony Samaritan's D SamaritanType  Biased Cycle  Inferior Cycle  Endless Cycle  Called Bluff  Bully  Unfair Type Skewed Battle  Asym Battle  Chicken 2
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 Samson     Generous  Quasi Cycle  Tragic Cycle Inspector Cycle      Patron Protector  Quasi Battle  Leader Asym Battle 3

3 
3

1 
4  3 

2
1 

4  3 
1

1 
4  3 

1
1 

4  3 
2

1 
4  3 

3
1 

4
3 

4
1 

3
3 

4
1 

2
3 

4
1 

1
3 

4
1 

1
3 

4
1 

2
3 

4
1 

3 3  1

HrNc
2 

1
4 

2 HrHa
2 

1
4 

3 HrRe
2 

2
4 

3 HrCo
2 

3
4 

2 HrAr
2 

3
4 

1 HrSh
2 

2
4 

1 HrPd
2 

2
4 

1 HrLk
2 

3
4 

1 HrDe
2 

3
4 

2 Hr 2 
2

4 
3 HrLd

2 
1

4 
3 HrCh

2 
1

4 
2 2  4

 Delilah  Pursuit Cycle  Zero Sum  Crisis Cycle  Hero  Quasi Battle Skewed Battle 4
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 Hostage Biased Second Best  Big Bully    Tragedy Asym Lock Delight Protector Unfair Type 5
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Blackmail Type  Biased Type  Hamlet  Total Conflict  Deadlock  Asym Lock  Bully 6
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Hegemon Type  Altruist Type Impure Altruist  Revelation  Alibi  Asym Dilemma Prisoner's D. Total Conflict     Tragedy Patron  Called Bluff 1
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Privileged Hunt      Aligned  Pure Aligned  Asym Coord.  Asym Assur.  Stag Hunt Asym Dilemma  Hamlet   Big Bully  Crisis Cycle InspectorCycle  Endless Cycle 2
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     Mutual Privileged  Pure Coord.  Assurance  Asym Assur.  Alibi Second Best  Zero Sum  Tragic Cycle  Inferior Cycle 3
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Coordination Pure Coord.  Asym Coord.  Revelation  Pursuit Cycle  Quasi Cycle  Biased Cycle 4
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     Aligned AsymHarmony Resolution Privileged  Pure Aligned Impure Altruist Biased Generous Samaritan Type 5
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 Pure Aligned  Harmony AsymHarmony      Aligned  Altruist Type Biased Type Samaritan's D 6
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No Conflict Pure Aligned  Aligned Mutual Privileged Hunt Hegemon Type Blackmail Type  Hostage  Delilah  Samson  Hegemony 1

3 →4 2 →4 1 →4 1→→4 2 →4 3 →4 4 ←3 4 ←2 4 ←1 4 ←1 4 ←2 4 ←3
1 →2 1 →3 2 →3 3 ←2 3 ←1 2 ←1 2 ←1 3 ←1 3 ←2 2 →3 1 →3 1 →2

To find a game: Make ordinal 4>3>2>1. Put column with Row's 4 right, row with Column's 4 up. Find layer by alignment of 4s; then intersection of Row & Column payoffs.
 see Robinson & Goforth 2005 The Topology of the 2x2 Games: A New Periodic Table www.cs.laurentian.ca/dgoforth/home.html © CC-BY-SA ß2012.02.01 www.bryanbruns.com/2x2chart
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 Structures in the Topology of 2x2 Games

 a. Symmetric games form a diagonal axis b. Twelve payoff patterns generate 144 games c. Dominant strategies lead to equilibria
L D 4 ⇉ ⇉ ⇉ ⇄ ⇄ ⇄ ⇇ ⇇ ⇇ ⇆ ⇆ ⇆ 1

Chicken (Hawk-Dove/Snowdrift)  Ch Ch ⇅ 421 426 425 424 423 422 121 126 125 124 123 122 2

Leader (Battle of the Sexes) Ld Ld ⇅ 431 436 435 434 433 432 31 136 135 134 133 132 3

Hero Hr Hr ⇅ 441 446 445 444 443 442 141 146 145 144 143 142 4

Prisoner's Delight De (Anti-Ch) De ⇊ 451 456 455 454 453 452 151 156 155 154 153 152 5

Deadlock Lk (Anti-Pd) Lk ⇊ 461 466 465 464 463 462 161 166 165 164 163 162 6

PRISONER'S Pd DILEMMA Pd ⇊ 411 416 415 414 413 412 111 116 115 114 113 112 1

Sh Stag Hunt Sh ⇆ 321 326 325 324 323 322 221 226 225 224 223 222 2

Ar Assurance Ar ⇆ 331 336 335 334 333 332 231 236 235 234 233 232 3

Co Coordination Co  ⇆ 341 346 345 344 343 343 241 246 245 244 243 242 4

Re Resolution Re ⇈ 351 356 355 354 353 35 251 256 255 254 253 252 5

Hm Harmony Ha ⇈ 361 366 365 364 363 362 261 266 265 264 263 262 6

Nc No Conflict Nc ⇈ 311 316 315 314 313 312 211 216 215 214 213 212 1

34 24 14 14 24 34 43 42 41 41 42 43 Payoffs 3 1 6 5 4 3 2 1 6 5 4 3 2 2
W 12 13 23 32 31 21 21 31 32 23 13 12 R Reflections around axis switch row & column positions  Dominant  strategies Nash Equilibria

Symmetric  Quasi-symmetric Sub-symmetric 4 games per tile, 36 games and 9 tiles per layer D1 Column D0 None 1 0/2  (for ordinal
d. High swaps (3↔4) link layers 66 asymmetric pairs: 66 + 12 = 78 "unique" games D2 Both D1 Row 1 1   payoffs)
connecting equivalently-located tiles e. Distance to win-win f. Interests opposed, aligned, or mixed
6 Hotspots double-link pairs of tiles 1 1 1 1 1 1 2 2 2 1 1 2 Ch → →↘↘↓ ↓ ← ←↖↖↑ ↑ 2

13 Win-win–Discord (Coord.–Battle) 2 1 1 2 2 2 1 1 1 1 1 1 Ld ↓↙↙← ↑↗↗→ 3

6 Pipes link stacks of 4 tiles on 4 layers 2 1 1 2 3 2 1 1 1 1 1 1 Hr ↓↙↙← ↑↗↗→ 4

 Pd Pipe  (Pd scrolled to NE corner to unify tiles) 2 1 1 2 2 3 2 2 2 1 1 2 De ↑ ↑ ← ←↙↓ ↓ → →↘↘ 5

L     High swaps switch up/down or left/right in tile D 2 1 1 2 2 2 3 2 2 1 1 2 Dl ↘↘↘↘→ ↓↙↙← ↓ 6

1 W Alibi R Pd Pd 1 1 1 1 1 1 2 3 2 1 1 2 Pd ↘↘↘↘→ ↓↙↙← ↓ 1

2 3 2 Ch Sh 1 2 3 2 2 1 Sh → →↗↑ ↑ ← ←↙↓ ↓ 2

3 R W Ld Ar 1 2 2 3 2 1 Ar ↑↗↗→ ↓↙↙← 3

4 2 3 Hr Co 1 2 2 2 2 1 Co ↑↗↗→ ↓↙↙← 4

5 D L De Re 1 1 1 1 1 1 Re ↑ ↑ → →↗↑ ↑ ← ←↖↖ 5

6 1 4 Lk Ha 1 1 1 1 1 1 Ha ↗↗→ ↑↖↖↖↖← ↑ 6

Nc 1 2 2 2 2 1 Nc ↗↗→ ↑↖↖↖↖← ↑ 1

1 L D Nc Nc Ha Re Co Ar Sh Pd Lk De Hr Ld Ch   Externalities and inducement correspondences
2 1 Sh Swaps to reach win-win  1= single 3↔4 swap Jekyll-Hyde TypeJekyll-Hyde Type  ++↖↖↑ ↗  Pure Cooperation
3 Privileged D L Alibi Ar 2 or 3 step paths may include 2↔3 and 1↔2 swaps ± ← →
4 1 4 Co  # Bold = paths for both. Pareto-efficient paths,  Pure Conflict  - -↙ ↓ ↘↘Jekyll-Hyde TypeJekyll-Hyde Type
5 R W Re each step results in same or better-ranked outcome  Fixed Rank-sum ↙ - - ±  + +
6 Ha Privileged 2 3 Ha Zero-sum games are hardest to remedy (Zero Sum) see Schelling 1963 The Strategy of Conflict

W Ha Re Co Ar Sh Nc Lk De Hr Ld Ch Pd R Greenberg 1990; Robinson & Goforth 2005
g. Games with ties form borderlines h. Rapoport & Guyer Taxonomy i. Brams Typology and Game Numbers

L Nc Ha Re Co Ar Sh Pd Lk De Hr Ld Ch D 4 Nc Ha Re Co Ar Sh Pd Lk De Hr Ld Ch 1
Ch 2 55 50 49 70 78 72 39 35 36 65 67 66 Ch Ch 50 37 36 46 31 29 22 18 19 52 53 57 2

Ld 3 56 52 51 74 76 71 37 31 32 64 68 67 Ld Ld 56 39 38 43 45 47 20 14 15 51 54 53 3

Hr 4 44 41 40 73 75 77 38 33 34 69 64 65 Hr Hr 49 13 12 42 44 30 21 16 17 55 51 52 4

De 5 18 16 15 53 42 45 10 8 7 34 32 36 De De 6 4 3 40 23 25 10 8 7 17 15 19 5

Lk 6 17 14 13 54 43 46 11 9 8 33 31 35 Lk Lk 5 2 1 41 24 26 11 9 8 16 14 18 6

Pd 1 21 19 20 57 47 48 12 11 10 38 37 39 Pd Pd 35 33 34 48 27 28 32 11 10 21 20 22 1

Sh 2 26 22 23 58 62 61 48 46 45 77 71 72 Sh Sh Number of non-myopic 28 26 25 30 47 29 2

Ar 3 27 24 25 59 63 62 47 43 42 75 76 78 Ar Ar equilibria (NMEs) 27 24 23 44 45 31 3

Co 4 30 28 29 60 59 58 57 54 53 73 74 70 Co Co 3 2 1 48 41 40 42 43 46 4

Re 5 2 4 5 29 25 23 20 13 15 40 51 49 Re Re All Nash equilibria are 34 1 3 12 38 36 5

Ha 6 1 3 4 28 24 22 19 14 16 41 52 50 Ha Ha NMEs except asymmetric 33 2 4 13 39 37 6

Nc 1 6 1 2 30 27 26 21 17 18 44 56 55 Nc Nc pareto-deficient: 27,28,48 35 5 6 49 56 50 1

Games with ties (non-strict) lie between strict ordinal W Stable Weakly Stable Unstable R 3 1 6 5 4 3 2 1 6 5 4 3 2 2
games, at grid intersections (graph nodes/vertices) No Conflict N   EP D2o D1o D0o D2c D1c D0c   E=Natural outcome is Equilibrium   Strongly cyclic

Strict Half-swaps: 2⇒1 2⇒3 3⇒4  Mixed M EP D2o D1o D2t D1t D1f D0f D1tf D1ctf 2 1 0 Dominant strategies_  Not cyclic  Moderately cyclic

see Robinson, Goforth and Cargill 2007  Motive M Ep D2o  pareto-deficient D1f D1tf  no pressures  No conflict  Weakly cyclic

The topology also maps all normalized 2x2 games M e   no D0 2 equilibria e2o e2c  competitive pressure see Brams 1994 Theory of Moves;

1 
3

4 
4

3 
4

3 
3

-5 0 -1 -1 M e  dominance D0 No equilibria e0o e0c  threat-vulnerable Difficult see Brams & Kilgour 2008
mSh

3 
3

3 
1 mVo

1 
1

4 
3  Ax -3 

-3
 0 -5 Complete    Z E D2o D1o e eD0c  force-vulnerable

Mid Stag Hunt Mid Volunteer's D    Axelrod's Pd Opposition  see Rapoport et al.1976 2x2 Games;
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